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A uniform electric current at inﬁnity was applied to a thin inﬁnite conductor containing an elliptical hole
with an edge crack. The electric current gives rise to two states, i.e., uniform and uneven Joule heat. These
two states must be considered to analyze the heat conduction problem. The uneven Joule heat gives rise
to uneven temperature and thus to heat ﬂux, and to thermal stress.
Using a rational mapping function, problems of the electric current, the Joule heat, the temperature, the
heat ﬂux, the thermal stress are analyzed, and each of their solutions is obtained as a closed form. The
distributions of the electric current, the Joule heat, the temperature, the heat ﬂux and the stress are
shown in ﬁgures.
The heat conduction problem is solved as a temperature boundary value problem. Solving the thermal
stress problem, dislocation and rotation terms appear, which complicates this problem. The solutions of
the Joule heat, the temperature, the heat ﬂux and the thermal stress are nonlinear in the direction of the
electric current. The crack problems are also analyzed, and the singular intensities at the crack tip of each
problem are obtained. Mode II (sliding mode) stress intensity factor (SIF) is produced as well as Mode I
(opening mode) SIF, for any direction of the electric current. The relations between the electric current
density and the melting temperature and between the electric current density and SIF are investigated
for some crack lengths in an aluminum plate.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In modern technology, electric current operates in components
such as power semiconductor devices, large-scale integrated cir-
cuits, and huge electromagnetic systems. The electric current gives
rise to an electromagnetic ﬁeld, causing electromagnetic force,
Joule heat, increased temperature, heat ﬂux and thermal stress. Be-
cause there are defects such as cracks and voids in materials, inves-
tigations of structural integrity and material deterioration are
essential to optimal design and enhanced performance during ser-
vice operation of machine components exposed to excessive elec-
tromagnetic ﬁelds.
Yagawa and Horie (1982) studied the stresses around a crack tip
and calculated the stress intensity factor and the J-integral for a
three-point bending specimen under electric current and uni-
formly applied magnetic ﬁeld. Mukherjee et al. (1982) numerically
analyzed Eddy current around cracks in thin plates and experimen-
tally observed hot spots near a crack tip in an aluminum plate. Cai
and Yuan (1999) analyzed by a ﬁnite element method the temper-ll rights reserved.ature, heat ﬂux and thermal stress induced by electric current for a
thin strip with an edge crack. Fu et al. (2001) experimentally inves-
tigated electromagnetic heating (melting hole) for a mild steel strip
with an edge crack, supplying an electric current density of
6:0 109 A=m2. They studied the application for the prevention
of crack extension by generation of melting holes. Satapathy
et al. (2005) investigated the behavior of a crack tip under an elec-
tric current pulse for a thin plate of aluminum alloy by applying
experimental and numerical methods and observed blowholes
due to Joule heat. Melton et al. (2007) studied magnetic sawing un-
der electric current at an interface between dissimilar metals in an
aluminum alloy bar with copper strips. Hasebe et al. (in press) ana-
lyzed an elliptical hole problem under electric current in terms of
Joule heat, temperature, heat ﬂux and thermal stress.
From the mathematical point of view, an electric current prob-
lem results in a standard potential problem, and a heat conduction
problem results in a two-dimensional Poisson’s equation problem
with the generation of Joule heat and with a temperature boundary
condition. For a thermal stress problem, a bi-harmonic equation
with a particular solution term is solved and, in this analysis, a
dislocation and rotation terms appear, which complicates the
problem.
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ture, heat ﬂux and thermal stress caused by a steady-state electric
current in a thin inﬁnite plate containing an elliptical hole with an
edge crack are presented. The electric and heat conductor is isotro-
pic and homogenous. The plate is thin; therefore, it is assumed that
the electric current density is uniform throughout the thickness of
the plate, i.e., the variation of the electric current density is negli-
gible throughout the thickness of the plate. It is also assumed that
the material constants do not depend on temperature. Using a ra-
tional mapping function, closed-form solutions are obtained for
each problem. To the best of our knowledge, though the present
problem is one of the fundamental problems, with the elliptical
hole problem being a basic problem, it seems not to have been
solved analytically. The magnetic force induced by the electric cur-
rent is not analyzed in this paper.
2. Mapping function
To solve the problem shown in Fig. 1, a mapping function is
introduced. The mapping function, which maps the exterior of
the elliptical hole with an edge crack in the w-plane to the exterior
of the unit circle in the f-plane, is given by the following equation
(Hasebe and Chen, 1996; Hasebe and Wang, 2005; Hasebe et al.,
2007):
w¼ xþ iy¼xðfÞ
¼a 1þh1
2
fþ1
f
 
þh1þk1þh12 ðfþ1Þ 1
c1
f
 1=2
1c2
f
 1=2" #
;
ð1Þ
where
e1 ¼ c=a; k ¼ b=a;
h1 ¼ e
2
1
4ð1þ e1Þ ðfor k ¼ 1; circular holeÞ; ð2a;b; c;d; eÞ
h1 ¼
ðe1 þ k2Þ  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 þ 2e1 þ e21
q
2ð1 k2Þ ðfor k–1; elliptical holeÞ;
c1
c2

¼ 1 h1
1þ h1  i
2
ﬃﬃﬃﬃﬃ
h1
p
1þ h1 ;
where a and b are the semi-axes of the elliptical hole, and c is the
crack length. When a mapping function is a rational one, closed-
form stress functions are obtained (Muskhelishvili, 1963). Because
(1) is not a rational function, a rational mapping function is formed
as a sum of fractional expressions to facilitate the basic requirement
for a closed-form solution. The rational mapping function is formed
asFig. 1. Elliptical hole with an edge crack in an inﬁnite plane and a unit circle.w ¼ xðfÞ ¼ F0fþ
X24
k¼1
Fk
fk  f
þ F25
f
þ Fc; ð3Þ
where F0; Fk ðk ¼ 1; . . . ;25Þ and Fc are constants, poles
fkðk ¼ 1; . . . ;24Þ are located inside the unit circle, and n ¼ 24 is used
in this paper. The formulation of this rational mapping function was
stated in literature (Hasebe and Horiuchi, 1978; Hasebe and Inoha-
ra, 1980; Hasebe and Wang, 2005). When coefﬁcients
Fk ¼ 0 ðk ¼ 1  24Þ; F0 ¼ ðaþ bÞ=2 and F25 ¼ ða bÞ=2, the hole be-
comes an elliptical one where ‘a’ and ‘b’ are its semi-axes. Similarly,
the hole approaches a circle for a ¼ b and a crack for b ¼ 0. The
magnitude of the radius, q, of curvature at the crack tip of (3) is
q=a ¼ 109—1011 which depends on the crack length and is very
small. The radii of curvature at convex points K and H are also small,
reaching zero for irrational mapping function (1).
One of the greatest merits of using a rational mapping function
is that the obtained stress functions are exact ones for the geomet-
rical shape represented by the rational function. A rational map-
ping function of a sum of fractional expressions can in principle
also be applied to any complicated conﬁguration (Hasebe and Iida,
1978; Hasebe and Ueda, 1981; Hasebe et al., 1984) as well as di-
rectly to a crack problem to calculate the stress intensity factor.
3. Electric current analysis
The electric current density is j0 per unit area and the electric
conductivity r0 is assumed to be constant in the entire plate, and
the plate thickness is assumed to be thin. In this case, the effective
equations for the electric current become (Jackson, 1962)
@jy
@x
 @jx
@y
¼ 0; @jx
@x
þ @jy
@y
¼ 0 ð4a;bÞ
because jz ¼ 0; @jy=@z ¼ 0, and @jx=@z ¼ 0 (‘z’ is the coordinate in
the direction of the thickness of the plate).
If the following electric potential function, /rðx; yÞ, is intro-
duced, (4a) can be automatically satisﬁed,
jxðx; yÞ ¼ 
@/rðx; yÞ
@x
; jyðx; yÞ ¼ 
@/rðx; yÞ
@y
: ð5a;bÞ
From (4b) and (5a,b), the function /rðx; yÞ must satisfy the Laplace
equation and thus is harmonic. The conjugate harmonic function
/iðx; yÞ of /rðx; yÞ is introduced, and the following electric potential
complex function is deﬁned:
CðwÞ ¼ /rðx; yÞ þ i/iðx; yÞ; ð6Þ
where w is the complex variable.
When (3) is used and the function CðwÞ is expressed as
CðwÞ ¼ CðxðfÞÞ  CðfÞ, the components of electric current are gi-
ven by (5a,b) and (6) as follows:
jxðx; yÞ  ijyðx; yÞ ¼ 
@/r
@x
þ i @/r
@y
¼  dCðwÞ
dw
¼  C
0ðfÞ
x0ðfÞ : ð7Þ
The components due to the coordinates of the mapping function can
be expressed as
jr  ijh ¼ eibðjx  ijyÞ; ð8Þ
where
eib ¼ fx
0ðfÞ
jfx0ðfÞj ð9Þ
and jrðfÞ and jhðfÞ denote the components of the electric current
normal and tangential to the coordinate curve represented by the
mapping function, respectively.
The electric potential is rewritten from (6) as
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The boundary condition of the electric current is given by the bal-
ance of the electric current on the boundary
jxðx; yÞdyþ jyðx; yÞðdxÞ ¼ jnðx; yÞds: ð11Þ
Using (5a,b) and (6), the Cauchy–Riemann differential equation, and
performing the integration, (11) is expressed as follows (Hasebe
et al., 2008):Z
 @/rðx; yÞ
@x
dyþ @/rðx; yÞ
@y
dx
 
¼ 
Z
@/iðx; yÞ
@y
dyþ @/iðx; yÞ
@x
dx
 
¼ 
Z
d/iðx; yÞ
¼ /iðx; yÞ ¼
Z
jnðx; yÞdsþ constant: ð12Þ
From the above equation, and (6), the boundary equation is ob-
tained as follows:
CðwÞ  CðwÞ ¼ CðrÞ  CðrÞ ¼ 2i
Z
jnðx; yÞdsþ constant; ð13Þ
where r denotes a coordinate f ¼ r on the unit circle in the f plane.
As a boundary condition, the free electric current, jnðx; yÞ ¼ 0, is con-
sidered. The solution is decomposed into States 1 and 2, as shown in
Fig. 2. Then the electric complex potential function,CðfÞ, to be ob-
tained is expressed by the superposition of States 1 and 2, i.e.,
CðfÞ ¼ C1ðfÞ þ C2ðfÞ; ð14Þ
where C1ðfÞ represents the electric complex potential function of
the uniform electric current, j0, at the remote ﬁeld and is obtained
from (7) as follows:
C1ðfÞ ¼ j0xðfÞeid: ð15Þ
Substituting (14) and (15) and jnðx; yÞ ¼ 0 into (13), multiplying the
resultant equation by dr=½2piðr fÞ, where f is a point outside of
the unit circle, and performing the Cauchy integration on the unit
circle in the clockwise direction, C2ðfÞ is obtained,
C2ðfÞ ¼ j0eid
X24
k¼1
Fk
fk  f
þ F25
f
 !
 j0eid
F0
f
¼ j0eidfxðfÞ  F0f Fcg  j0eid
F0
f
; ð16Þ
where the constant term becomes zero because C2ð1Þ ¼ 0 at the re-
mote ﬁeld. It is noticed that (16) can be also expressed by the irra-Fig. 2. States 1 and 2 for electric current, temperature, heat ﬂux and stress
components.tional mapping function (1). The function, CðfÞ, of (14) is then
obtained as follows:
CðfÞ ¼ j0 eidF0fþ eid
F0
f
 !
: ð17Þ
It is noticed that (17) is expressed by only F0 in the mapping func-
tion; therefore, the rational mapping function (3) is not needed and
the irrational (1) is applicable to calculate components of electric
current for (7) and (8). The coefﬁcient F0 is obtained from (1) as
F0 ¼ að1þ kÞð1þ h1Þ=2: ð18Þ
The electric current density distributions are calculated by (7), (17)
and (8).
Fig. 3 shows the non-dimensional distribution of the electric
current density along the elliptical upper surface and the x-axis
in the direction of the electric current d ¼ p=2 for b=a ¼ 0:5 and
for three crack lengths c=a = 0.5, 1 and 2 by solid, dotted, and
dash-dotted lines, respectively. The magnitude of distribution is gi-
ven by the distance from the x-axis. The electric current, jh , along
the elliptical hole is positive in the counterclockwise direction. The
electric current densities at the crack tips become inﬁnite. The val-
ues of the electric current at corners K and H (see Fig. 1) are zero
because of the convexity of the geometric shape.4. Heat conduction analysis
The electric current in a plate gives rise to Joule heat, and the
uneven Joule heat produces uneven temperature increase, leading
to heat ﬂux. The heat ﬂux hxðx; yÞ; hyðx; yÞ and the heat conserva-
tion equation are denoted by temperature Tðx; yÞ as follows (Tim-
pshenko and Goodier, 1951; Parkus, 1968):
hxðx; yÞ ¼ k @T
@x
; hyðx; yÞ ¼ k @T
@y
ð19a;bÞ
and
@hx
@x
þ @hy
@y
þ qðx; yÞ ¼ 0; ð20Þ
where k is the thermal conductivity; qðx; yÞ denotes heat generation
per unit volume and unit time, which is referred to as Joule heat in
the present paper. The positive directions of heat ﬂux hxðx; yÞ and
hyðx; yÞ are those of the x- and y-axes, respectively. The temperature
is assumed to be higher in the region of large values of x and y. The
diffusion through the surface of the plate into air is neglected, be-Fig. 3. Distributions of non-dimensional electric current density for
b=a ¼ 0:5; c=a ¼ 0:5 (solid line), c=a ¼ 1 (dotted line), c=a ¼ 2 (dash-dotted line)
and d ¼ p=2 along the x-axis and the elliptical upper surface.
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plate.
From (19) and (20), we obtain the following equation:
@2
@x2
þ @
2
@y2
 !
T ¼ 4 @
2T
@w@ w
¼ qðx; yÞ
k
; ð21Þ
the solution to which can be written as
Tðx; yÞ ¼ Thðx; yÞ þ Tpðx; yÞ; ð22Þ
where Thðx; yÞ and Tpðx; yÞ are the homogenous and particular solu-
tions, respectively. To obtain the homogenous solution, the follow-
ing temperature complex potential function is introduced:
QðwÞ ¼ Thðx; yÞ þ iTconðx; yÞ ð23Þ
where Tconðx; yÞ is the conjugate function of the harmonic function,
Thðx; yÞ. Using (3), the function QðwÞ can be expressed as
QðwÞ ¼ QðxðfÞÞ  QðfÞ: ð24Þ
The temperature for the homogenous solution is then given by
Thðx; yÞ ¼ ½QðwÞ þ QðwÞ=2 ¼ ½QðfÞ þ QðfÞ=2: ð25Þ
The Joule heat qðx; yÞ due to the electric current is given by Ohm’s
law (Moon, 1984),
qðx;yÞ¼ j  j
r0
¼ 1
r0
j2x þ j2y
 
¼ 1
r0
C 0ðwÞ	 
 C 0ðwÞh i
¼ 1
r0
C 01ðwÞC 01ðwÞþC01ðwÞC 02ðwÞþC 02ðwÞC 01ðwÞþC02ðwÞC 02ðwÞ
h i
;
ð26Þ
where j is the electric current vector, and r0 is the electric conduc-
tivity. Therefore, the total Joule heat is expressed by the equation of
the ﬁrst line of (26), and the equation of the second line expresses
Joule heat for each state speciﬁcally, the second and third terms ex-
press the interaction terms of States 1 and 2, as shown in Fig. 2. The
Joule heat gives rise to the temperature and in the present problem,
the state of temperature is divided into two states, States 1 and 2.
The interaction terms, the second and third terms in the second line
of (26) do not relate the heat ﬂux since State 1 represents the uni-
form temperature (see next paragraph (a)) (Hasebe et al., in press).
(a) Temperature of State 1
State 1 represents the uniform electric current in the inﬁnite
plate without an elliptical hole as shown in Fig. 2, and the
Joule heat is expressed by the ﬁrst term in (26) as
q1ðx; yÞ ¼
1
r0
½C01ðwÞ½C 01ðwÞ ¼
1
r0
C01ðfÞ
x0ðfÞ
C01ðfÞ
x0ðfÞ ¼
j20
r0
; ð27Þ
where subscript 1 refers to the value pertaining to State 1. The elec-
tric current and the Joule heat in State 1 are uniform and the same
at any point in an inﬁnite plate without a hole. Therefore, a uniform
temperature is caused, but a gradient, that is, a heat ﬂux does not
occur. The temperature T1 for State 1 is
T1 ¼ q1MCw ¼
j20
r0MCw
; ð28Þ
whereM is themassof thematerial of theplate;Cw is the speciﬁcheat.
(b) Temperature of State 2
The Joule heat of State 2 is expressed by the fourth term in
(26),
q2ðx; yÞ ¼
1
r0
½C02ðwÞ½C 02ðwÞ ¼
1
r0
C02ðfÞ
x0ðfÞ
C02ðfÞ
x0ðfÞ ; ð29Þ
which represents an uneven Joule heat, giving rise to an uneven
temperature.The temperature of the particular solution is obtained by the
integral of (21),
Tpðf;fÞ ¼ 14k
Z Z
q2ðw; wÞdwdw ¼
1
4kr0
C2ðfÞC2ðfÞ þ cons: ð30Þ
The boundary condition of the present problem is stated as follows:
as shown in State 2 in Fig. 2, the electric current j0 applies on the
boundary of the elliptical hole with an edge crack and gives rise
to the temperature. Therefore, the boundary condition of the pres-
ent problem is then given by the temperature as follows (see (22)
and (25))
1
2 ½QðrÞ þ QðrÞ þ Tpðr; rÞ ¼ Tðr; rÞ;
Tðr; rÞ ¼ 14kr0 C2ðrÞC2ðrÞ;
ð31a;bÞ
where r denotes f on the unit circle, and r ¼ 1=r. Tðr; rÞ in (31) is
the given temperature on the boundary and in the present paper, it
is given by (31b).
It is noticed from (31a) that the function Tðr; rÞ and the func-
tion on the left-hand side cancel each other. Therefore, the regular
function QðfÞ in the unit circle is
QðfÞ ¼ constant: ð32Þ
Thus, the temperature in this case is expressed by
T2ðf;fÞ ¼ Tpðf;fÞ: ð33Þ
The constant term that should appear in (33) is set to be zero
because the temperature at inﬁnity is zero. It is also noticed from
(33) that the temperature of State 2 is represented by the particu-
lar solution produced by the electric current density function C2ðfÞ.
Physically, this fact seems to be correct, and naturally, the conser-
vation Eq. (21) and the boundary condition (31) are satisﬁed.
The ﬁnal temperature caused in the plate results from by the
superposition of (28) and (33),
Tðf;fÞ ¼ j
2
0
r0MCw
þ T2ðf;fÞ: ð34Þ
The heat ﬂux is given by
ðhx  ihyÞ ¼ k @T2
@x
 i @T2
@y
 
¼ 2k @T2
@w
¼ 2k @Tpðf;
fÞ
@f
1
x0ðfÞ : ð35Þ
It must be noted that the temperature and heat ﬂux for arbi-
trary direction d of the electric current can not be obtained by
the composition of those for, for example, d ¼ 0 and p.
Heat ﬂux components hrðfÞ and hhðfÞ normal and tangential to
the curvilinear coordinate, respectively, represented by the map-
ping function can be written as
hr  i  hh ¼ eibðhx  i  hyÞ ð36Þ
where eib is given by (9).
Fig. 4 shows non-dimensional Joule heat distributions (see
Appendix) for b=a ¼ 0:5; c=a ¼ 0:5 and d ¼ p=2. The magnitude
of Joule heat in this ﬁgure is shown by the distance from the x-axis.
The Joule heat ~q1 is that of State 1 and uniform over the entire
plate. Because the Joule heat is proportional to the square of the
electric current, it takes a large value at the concentration points
of the electric current. At corners K and H, the total Joule heat ~q
is zero because the electric current is zero there. The Joule heat
~q12 along the crack surface is almost constant. Fig. 5 shows non-
dimensional temperature for b=a ¼ 0:5, c/a = 0.5, 1.0 and d ¼ p=2
for State 2. The temperatures take positive value, and are almost
constant on the elliptical surface, and increase along the crack sur-
face. Fig. 6 shows the heat ﬂux distribution. The normal component
Fig. 6. Distributions of non-dimensional heat ﬂux for b=a ¼ 0:5; c=a ¼ 0:5(dotted
line), and b=a ¼ 0:5; c=a ¼ 1:0, (solid line) and d ¼ p=2 along the x-axis and the
elliptical upper surface.
Fig. 4. Distributions of non-dimensional Joule heat for b=a ¼ 0:5; c=a ¼ 0:5 and
d ¼ p=2 along the x-axis and the elliptical upper surface.
Fig. 5. Distributions of non-dimensional temperature for b=a ¼ 0:5; c=a ¼ 0:5
(dotted line), and b=a ¼ 0:5; c=a ¼ 1:0, (solid line) for d ¼ p=2 along the x-axis
and the elliptical upper surface.
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occur and these heat ﬂuxes spread into the plate from the surface,
because the thermal conductivity of air in the elliptical hole is
much larger than that of the plate, and the temperature on the
boundary is higher than that of the surrounding temperature.
The hh and hx on the elliptical boundary and on the crack surface,
respectively, are also formed. The positive direction of hh is in thecounterclockwise direction. Along the x-axis, large hx is formed
on the boundary; thus heats ﬂow toward the positive and negative
directions, respectively.5. Thermal stress analysis
Thermal stresses are caused by the uneven temperature distri-
bution as mentioned in the previous section. In the present paper,
it is assumed that the inﬁnite plate is not constrained at inﬁnity;
therefore, the plate can expand freely at inﬁnity.
When the Airy stress function Fðx; yÞ is introduced for the plane
stress state, the compatibility equation for the thermal stress prob-
lem has the form (Timpshenko and Goodier, 1951; Parkus, 1968)
r2r2Fðx; yÞ ¼ Yar2T2ðx; yÞ; ð37Þ
where Y is the Young’s modulus and a is the coefﬁcient of thermal
expansion. The temperature function T2ðx; yÞ expressed by (33) is
not a harmonic one in this problem. A solution of (37) is expressed
by
Fðx; yÞ ¼ Fðw; wÞ ¼ Fhðw; wÞ þ Fpðw; wÞ;
Fhðw; wÞ ¼ 12 wuhðwÞ þwuhðwÞ þ
Z
whðwÞdwþ
Z
whðwÞdw
 
;
Fpðw; wÞ ¼ 14Ya
Z Z
T2ðw; wÞdwd w;
ð38a;b; cÞ
where Fhðw; wÞ and Fpðw; wÞ are the homogenous and particular
solutions, respectively, and complex stress functions uhðwÞ; whðwÞ
are analytical ones (Muskhelishvili, 1963).
The displacement components due to the particular solution,
(38c), are expressed as follows:
2Gðuþ ivÞp ¼2
@Fp
@ w
¼Ya
2
Z
T2ðf;fÞdw¼ Yaj08kr0 C2ðfÞ

eid 12xðfÞ2 12F20f2F0
P24
k¼1
Fk logðf fkÞF0
P24
k¼1
Fkfk
fkfþF0F25 logfFcxðfÞ
 
eidF0 F0 logfþ
P24
k¼1
Fk
f2k
log fffkþ
P24
k¼1
Fk
fkðfkfÞþ
F25
2f2
 
26664
37775:
ð39Þ
The resultant forces of the particular solution given by (38c) are
i
Z
ðpx þ ipyÞds
 
p
¼ 2 @Fp
@ w
: ð40Þ
The stress components of the particular solution given by (38c) are
½rx þ ryp ¼ 4 @
2Fp
@w@ w ¼ YaT2ðf;fÞ;
½ry  rx þ 2isxyp ¼ 4 @
2Fp
@w2 :
ð41a;bÞ
It is noticed that the displacement components (39) and the resul-
tant forces (40) have the same multi-value terms (logarithmic
terms). These logarithmic terms cause dislocations for the displace-
ments and the resultant forces. Because the displacement compo-
nents and the resultant forces must be single-valued, the
following function is considered to cancel the dislocation of dis-
placements in (39), i.e., to make the displacement continuous. How-
ever, the log terms log f=ðf fkÞ in {} in (39) do not cause multiple
value outside of the unit circle because the branch lines between
f ¼ 0 and fk are also inside of the unit circle. The log terms in (39)
are arranged as follows:
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8kr0
F0C2ðfÞ eid
X24
k¼1
Fk logðf fkÞ þ ðeidF25  eidF0Þ log f
( )
¼ Yaj0
8kr0
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X24
k¼1
Fk log
f fk
f
( )
þ Yaj0
8kr0
F0C2ðfÞ eid F25 
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Fk
 !
 eidF0
( )
log f:
ð42Þ
The ﬁrst term on the right-hand side in the above equation is not
multi-valued outside the unit circle and the second term causes dis-
location for the displacement. To cancel this dislocation of displace-
ment, the following term is considered:
2 @Fd
@ w
¼  Yaj
2
0
8kr0
F0C2ðfÞ eid F25 
X24
k¼1
Fk
 !
 eidF0
( )
log f: ð43Þ
Then the logarithmic term in the resultant forces given by (40) is also
canceled by (43). Considering a dislocation of the displacement, Flor-
ence andGoodier (1960) analyzed an ovaloid hole problem subject to
uniform heat ﬂow, and Hasebe et al. (1986, 1988) also analyzed
kinked crack and cracked circular hole problems, respectively.
The ﬁnal complex stress functions to be required,
UðfÞð¼ uhðxðfÞÞÞ;WðfÞð¼ whðxðfÞÞÞ, can be derived from the fol-
lowing boundary condition;
UðrÞþ xðrÞ
x0ð1=rÞU
0 1
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þW 1
r
 
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¼ i
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@ w
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f¼r
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1
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f ðfÞ eid 1
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 !2
F0
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Fk log
f fk
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eidF0
X24
k¼1
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f2k
log
f
f fk
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fkðfk fÞ
þ F25
2f2
( )
;
ð44a;b;cÞ
where the external forces px ¼ py ¼ 0 are considered without loss of
generality. The coordinate r denotes f on the unit circle and the
relation r ¼ 1=r is then used. Multiplying (44a) by the Cauchy fac-
tor dr=½2piðr fÞ and performing the Cauchy integration along the
unit circle, the following stress function is obtained:
UðfÞ þ
X24
k¼1
Fk
fk  f
U0 f0k
 
x0ðf0kÞ
¼ Yaj0
8kr0
hðfÞ þ C2 1f
 
f ðfÞ

þj0eid
X24
k¼1
Fkf
02
k
f0k  f
f ðf0kÞ
)
 gðfÞ;
f0k  1=fk; ð45a;bÞ
where theconstant termappearing in theaboveequation is neglected
because it is determined from the displacement condition. The un-
known constant terms U0ðf0kÞ ðk ¼ 1; . . . ;24Þ are determined as fol-
lows: the ﬁrst derivative of (45a) is substituted by f0j ðj ¼ 1; . . . ;24Þ,
the following 24 linear equations are then obtained:
U0ðf0jÞ þ
X24
k¼1
Fk
ðfk  f0jÞ2
U0ðf0kÞ
x0ðf0kÞ
¼ g0ðf0jÞ ðj ¼ 1; . . . ;24Þ ð46Þ
and, divided into real and imaginary parts, and then the 48 linear
equations are obtained. By solving these linear equations, the real
and imaginary parts of U0ðf0kÞ ðk ¼ 1; . . . ;24Þ are determined.Multiplying the conjugate equation of (44a) by the Cauchy fac-
tor dr=½2piðr fÞ and performing the Cauchy integration along
the unit circle, the second stress function WðfÞ is derived as
follows:
WðfÞ ¼  xð1=fÞ
x0ðfÞ U
0ðfÞ 
X24
k¼1
Fkf
02
k
f0k  f
U0ðf0kÞ
x0ðf0kÞ
þ Yaj
2
0
8kr0
eid
X24
k¼1
Fk
fk  f
f ðf0kÞ: ð47Þ
Finally the displacement components are
2Gðuþ ivÞ ¼ jUðfÞ  xðfÞ
x0ðfÞU
0ðfÞ WðfÞ  2 @Fp
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 2 @Fd
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 
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where j ¼ ð3 mÞ=ð1þ mÞ for plane stress, m is the Poisson’s ratio,
and the resultant forces are
i
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ðpx þ ipyÞds ¼ UðfÞ þ
xðfÞ
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: ð49Þ
The stress components rx; ry and rr; rh; srh normal and tangential
to the curvilinear coordinates represented by the mapping function
are then
½rh þ rr  ¼½rx þ ry ¼ 4U
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where e2ib is the square of (9). The term 4@2Fp=@w@ w in (50a) is gi-
ven by (41a) as the real function. The imaginary part,
Im½4@2Fd=@w@ w, in (50a) and (51b) corresponds to the rotation
term
xxy ¼  aj04kr0 F0 Im C2ðfÞ e
id F25 
X24
k¼1
Fk
 !
 eidF0
( )
1
fx0ðfÞ
" #
:
ð52Þ
When Fk ¼ 0 ðk ¼ 1; . . . ;24Þ, the solution for the elliptical hole
problem is obtained. The stress components for an arbitrary direc-
tion of the electric current can not be obtained by the composition
of those for, for example, d ¼ 0 and p.
Figs. 7 and 8 show non-dimensional stress distribution (see
Appendix) along the elliptical upper surface and the x-axis subject
to the electrical current direction d ¼ p=2. The stress concentra-
tions occur at the crack tip. Though compressive stresses might
be expected near the crack tip due to the Joule heat, the component
ry along the x-axis is tensile and becomes positive inﬁnite, which
indicates an opening mode of a crack. The component rx takes
Fig. 7. Distributions of non-dimensional stress components for b=a ¼ 0:5; c=a ¼ 1
and d ¼ p=2 along the x-axis and the elliptical upper surface.
Fig. 8. Distributions of non-dimensional stress components for b=a ¼ 1; c=a ¼ 0:5,
and d ¼ p=2 along the x-axis and the elliptical upper surface.
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component rh is positive in the clockwise direction. At the corners
K (H) on the boundary, the stress rh becomes small, reaching zero
when the corners are perfectly sharp ones. It must be stated that
shear stress occurs along the x-axis and becomes inﬁnite at the
crack tip except in the case of d ¼ p=2. Therefore, a mode II SIF
causes for an arbitrary direction for the electric current except in
the case of d ¼ p=2 (see next section).6. Intensity at crack tip
The electric current, the Joule heat, the heat ﬂux and the ther-
mal stress have singular behavior at the crack tip.
(a) Intensity of the electric current
The electric current components at the crack tip are gov-
erned by the following equation:
jx  ijy ¼ 
Keﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
 i Keﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
; ð53Þ
where r is the distance from the crack tip and h is the angle mea-
sured in the counterclockwise direction. The value Ke is obtained
by
Ke ¼ i
ﬃﬃﬃ
p
p C 0ðf0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ðf0Þ
p ¼ eKej0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ; ð54Þwhere f0 is the coordinate of the crack tip and, in the present paper,
f0 ¼ 1. The CðfÞ is given by (17), and eKe denotes a non-dimensional
intensity.
(b) Intensity of the Joule heat
We note from (26) that the Joule heat at the crack tip is given
by the following equation:
q ¼ 1
r0
ðjx  ijyÞðjx þ ijyÞ ¼
1
r0
K2e
2pr
¼ Kj
2pr
: ð55Þ
The Joule heat has a stronger singularity of order 1=r at the crack tip
and does not depend on the angle h. The intensity is deﬁned by
Kj ¼ K
2
e
r0
¼ eK j j20r0 2pa; ð56Þ
where eKj denotes a non-dimensional intensity.
(c) Intensity of the heat ﬂux
Considering that the temperature boundary condition is
given in the present problem, the heat ﬂux components at
the crack tip are
hx  ihy ¼ Khﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
 i Khﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
: ð57Þ
The value Kh is calculated in this case (see (53)) by
Kh ¼ k
ﬃﬃﬃ
p
p
2
@T2ðf;fÞ
@f
 
f¼f0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ðf0Þ
p ¼ eKh j20ar0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ; ð58Þ
where eKh denotes a non-dimensional intensity.
(d) Stress intensity factor (SIF)Singular stress components at the
crack tip are complicated because of the singular values
caused by the particular solution terms as well as by the
stress functions (see (50) and (51)), but the singular order
at the crack tip is 1=
ﬃﬃ
r
p
, which is caused by x0ðf0Þ ¼ 0. How-
ever, the conventional functions of SIF regarding the angle h
do not hold. Using the linear-elastic fracture mechanics
(LEFM) approach, the components of SIF along the x-axis
are expressed as follows:
rx ¼ KIxﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; ry ¼ KIyﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; sxy ¼ KIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p : ð59Þ
The easiest way to obtain SIFs is to calculate it using the stress dis-
tribution as follows:
KIx
KIy
KII
9>=>; ¼ limr!0
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ry
sxy
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ð60Þ
The stress distributions and appropriate points f in the neighbor-
hood of the crack tip are chosen. Non-dimensional SIF,eKIx; eK Iy; eK II , are deﬁned as follows:
KIx
KIy
KII
9>=>; ¼
eKIxeKIyeKII
9>=>;Yaj
2
0a
2
kr0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pa
p
: ð61Þ
Figs. 9 and 10 show the non-dimensional intensities eKe; eKj andeKh versus the crack length and the direction of the electric current,
respectively. All physical quantities except electric current are pro-
portional to j20. In Fig. 9, eKed ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp = ﬃﬃﬃ2p ; eK jd ¼ ðeKedÞ2 andeKhd ¼ ð1þ c=ð2aÞÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp = 2 ﬃﬃﬃ2p  are crack intensities with
crack length ð2aþ cÞ (equivalent crack length). These values are
not near the values of the intensities eKe; eKj and eKh in the range
0 6 c=a 6 2. This means that the effect of the hole is large. Fig. 10
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sus the direction of the electric current. eKj and eKh are symmetric to
d ¼ p.
Fig. 11 shows SIF for KIx and KIy subject to d ¼ p=2 versus the
crack length and KII ¼ 0 for symmetry with respect to the x-axis.Fig. 9. Non-dimensional intensities of electric current eKe , Joule heat eK j and heat
ﬂux eKh versus crack length c=a for d ¼ p=2 and b=a ¼ 1 (solid lines): eKed; eK jd; eKhd;
intensities for equivalent crack length ð2aþ cÞ (dashed-dotted line).
Fig. 10. Non-dimensional intensities of electric current eKe , Joule heat eK j and heat
ﬂux eKh versus direction of electric current d; for b=a ¼ 1; c=a ¼ 0:5 (solid line); for
b=a ¼ 1; c=a ¼ 2 (dashed line).
Fig. 11. Non-dimensional stress intensity factors versus crack length c=a in the
direction of d ¼ p=2: solid lines for b=a ¼ 0:5; dash-dotted lines for b=a ¼ 1; dashed
lines for b=a ¼ 2; dotted lines for equivalent crack length ð2aþ cÞ.It is noticed that KIx is negative and that its absolute values are lar-
ger than those of KIy, and that KIy is positive, which indicates the
opening mode. The SIF of the equivalent crack is also shown. The
difference between the SIF shows the effect of the magnitude of
the elliptical hole. When the elliptical hole becomes larger, KIy be-
comes smaller, but KIx becomes larger in the negative value. The KIy
increases with the crack length c; therefore, once a crack starts to
propagate, it does not stop. Fig. 12 shows the SIF versus the direc-
tion of the electric current for b=a ¼ 1, and c=a ¼ 0:5; 1 and 2. The
range of the d is 0 6 d 6 p for symmetry. The Mode II (sliding
mode) stress intensity factor is formed. For any direction of the
electric current, KIy is always positive, i.e., opening mode. The KIy
and KIx are not zero for d ¼ 0 and p. The SIFs of the equivalent crack
length are also shown. The SIF is given by the following equation
(Hasebe et al., in press):
KIy ¼ KIx ¼ sin
2 d
16
Ya
kr0
j20a
2
c
ﬃﬃﬃﬃﬃﬃﬃﬃ
acp
p
; ð62Þ
where ac is a half-length of the crack and the equivalent crack
length is given by ð2aþ cÞ.
Figs. 13 and 14 show the relationship between the temperature
and the electric current density and between the SIF and the elec-
tric current density, respectively, for an aluminum plate with a cir-
cular hole of a ¼ 1 cm ðb=a ¼ 1Þ in the direction of electric current
density, d ¼ p=2. Physical properties of aluminum are listed in Ta-Fig. 12. Non-dimensional stress intensity factors versus direction of electric current
d for b=a ¼ 1 and c=a ¼ 0:5; 1 and 2: solid lines for KIy: dash-dotted lines for KIx:
dashed lines for KII: dotted lines for equivalent crack length ð2aþ cÞ.
Fig. 13. Relation between electric current density j0 ðA=m2Þ and temperature (C) in
the direction of electric current d ¼ p=2; solid lines for a ¼ 1 cm; c=a ¼ 2; 1; 0:5
and b=a ¼ 1: dotted lines for equivalent crack length ð2aþ cÞ; melting temperature
660.3 (C) for aluminum.
Table 1
Physical properties of aluminum.
r0 Electric
conductivity
37:7 106=mX k Thermal
conductivity
237 J/ms K
M Mass 2:70 103 kg=m3 Cw Speciﬁc heat 0:901 103 J=kg K
a Coefﬁcient
of thermal
expansion
23:7 106=K K IC Fracture
toughness
value
14 MPa
ﬃﬃﬃﬃﬃ
m
p
;28
MPa
ﬃﬃﬃﬃﬃ
m
p
Y Young’s
modulus
68.3 GPa Melting
temperature
660.3 C
Fig. 14. Relation between electric current density j0 ðA=m2Þ and SIF KIy MPa
ﬃﬃﬃﬃﬃ
m
p 
in
the direction of electric current d ¼ p=2; solid lines for a ¼ 1 cm; c=a ¼ 2; 1; 0:5
and b=a ¼ 1; dotted lines for equivalent crack length ð2aþ cÞ; KIC is the fracture
toughness value for aluminum.
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case 0 C). The dotted lines in Figs. 13 and 14 show the tempera-
ture and the SIF for the equivalent crack length, respectively. It is
noticed from Figs. 13 and 14 that the magnitudes of the electric
current density reaching the fracture toughness value are larger
than that of the melting temperature. It is also noticed that shorter
cracks need larger electric current density to reach the melting
temperature or the fracture toughness value. For a crack in a steel
plate, the electric current density reaching melting temperature is
also smaller than that reaching the fracture toughness value (Has-
ebe et al., in press).
Satapathy et al. (2005) investigated the crack extension and the
blowhole at a crack tip of an aluminum strip with two edge notches
subject to an electric current pulse. They observed no crack exten-
sion for electric current density 1:6 109 A=m2, a crack extension
for 2 109 A=m2, and a blowhole for 2:4 109 A=m2. However,
these values largely depend on the notch length and the radius of
curvature at the notch tip. The electric current of 2:4 109 A=m2
causing a blowhole is much larger than that reaching the fracture
toughness value. Fu et al. (2001) observed amelting hole (blowhole)
near the crack tip for a thin strip of amild steelwith an edge crack by
providing an electric current density of 6 109 A=m2. It is important
to investigate the relationships among the electric current densities
initiating a blowhole and reaching the fracture toughness value and
the intensities of Joule heat and heat ﬂux.7. Conclusion
Using a rational mapping function, the analyses of the electric
current, Joule heat, temperature, heat ﬂux and thermal stress were
carried out. The closed-form solutions were obtained for eachproblem. If Fk ¼ 0 ðk ¼ 1—24Þ are set in these solutions, the solu-
tion for an elliptical hole is obtained. If the coefﬁcients of the map-
ping function (3) are changed, other geometric shapes can be
analyzed, for examples, a square hole with a crack (Hasebe and
Ueda, 1980), or a kinked crack (Hasebe and Inohara, 1981).
The electric current analysis was carried out under the assump-
tion that the electric current density is uniform throughout the
thickness of the plate. Therefore when the plate thickness is thin,
this assumption seems to be reasonable.
The Joule heat caused by electric current is divided into States 1
and 2. The uniform current of State 1 gives rise to a uniform tem-
perature and does not cause a heat ﬂux. When States 1 and 2 are
considered, the Joule heat gives rise to the interaction terms be-
tween them. Separating States 1and 2 is one of the key points to
solve the problem in the present paper.
The temperature boundary condition must be considered for
heat conduction analysis, and the temperature on the boundary
is produced by the Joule heat due to the electric current density
for State 2. As a result, the temperature is given by the particular
solution (33). The temperature on the crack surface is higher than
that of the elliptical boundary. When the crack length is longer, the
temperature is higher.
The heat ﬂows into the plate from the boundary because the
temperature is higher than the surroundings of the hole because
the thermal conductivity of air is much larger than that of the
plate. On the boundary, both the heat ﬂux components hh and hr
are formed.
The magnitudes of the Joule heat, the temperature, the heat ﬂux
and the stress components are proportional to the square of the
electric current density. For an arbitrary direction of the electric
current, they cannot be obtained by the composition of those for,
for example, d ¼ 0 and p. The Joule heat has a stronger singularity
of order 1=r, and the heat ﬂux and the electric current have singu-
larities of order 1=
ﬃﬃ
r
p
at the crack tip.
The particular solution of (37) causes a dislocation term for the
displacement components and for the resultant forces (see (39)
and (40)). Therefore, this dislocation term must be canceled in or-
der for the displacement components and the resultant forces to be
single-valued. The rotation term due to the particular solution ap-
pears in the stress component equations (see (50a) and (51b)). The
components rx and ry near the elliptical tip on the x-axis are com-
pressive and tensile, respectively. The stress component rx near
the crack tip abruptly changes its sign from negative to positive.
The shear stress component sxy occurs on the x-axis for any direc-
tion of the electric current except for the case of d ¼ p=2. The stress
intensity factor on the x-axis is expressed by (59). The conventional
function of SIF for the angle h does not hold. Intensities at the crack
tip for the electric current, the Joule heat, the heat ﬂux and the
stress are expressed by (54), (56), (58) and (61). The SIF KIy in-
creases with the crack length c under constant electric current den-
sity and d ¼ p=2; therefore, once a crack starts to propagate, it does
not stop. The SIF KIy is always positive for any direction of the elec-
tric current.
In the case of an aluminum thin plate as an example, the tem-
perature and the stress intensity factor were investigated for an
electric current density. The electric current density with the order
of 1:6 108—2 108 A=m2 gives the melting temperature of
660.3C, and a higher electric current density of 2 108—5 108
reaches the fracture toughness value for the crack lengths of the
example shown in Figs. 13 and 14.Appendix A. Deﬁnition of non-dimensional physical quantities
The non-dimensional quantities are denoted by the superim-
posed tilde ‘‘”.
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The Joule heat for State 1 : q1ðf;fÞ ¼
1
r0
C 01ðfÞ
x0ðfÞ
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~q1
j20
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The Joule heat for State 2 : q2ðf;fÞ ¼
1
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C 02ðfÞ
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2
0
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The Joule heat for interaction terms and State 2:
q12ðf;fÞ¼
1
r0
C01ðfÞ
x0ðfÞ
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The temperature for State 1 : T1¼ q1MCw¼
eT 1 j20r0MCw : ðA5Þ
The temperature for State 2 : T2ðf;fÞ¼ eT 2ðf;fÞ j20a2kr0 : ðA6Þ
The total temperature : Tðf;fÞ¼ eT 1 j20r0MCwþ eT 2ðf;fÞ j
2
0a
2
kr0
: ðA7Þ
The total heat flux ðfor State 2Þ : ðhx ihyÞ¼ ð~hx i~hyÞ j
2
0a
r0
: ðA8Þ
The stress components : ðrx;ry;rxyÞ
¼ ð~rx; ~ry; ~rxyÞYaj20a2=kr0: ðA9ÞReferences
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